Let K be an imaginary quadratic field of discriminant d K , and let n be a nontrivial integral ideal of K in which N is the smallest positive integer. Let Q N (d K ) be the set of primitive positive definite binary quadratic forms of discriminant d K whose leading coefficients are relatively prime to N . We adopt an equivalence relation ∼ n on Q N (d K ) so that the set of equivalence classes Q N (d K )/ ∼ n can be regarded as a group isomorphic to the ray class group of K modulo n. We further present an explicit isomorphism of Q N (d K )/ ∼ n onto Gal(K n /K) in terms of Fricke invariants, where K n is the ray class field of K modulo n. This would be certain extension of the classical composition theory of binary quadratic forms, originated and developed by Gauss and Dirichlet.
Introduction
For a negative integer D such that D ≡ 0 or 1 (mod 4), let Q(D) be the set of primitive positive definite binary quadratic forms Q(x, y) = ax 2 + bxy + cy 2 of discriminant b 2 − 4ac = D. Then, the modular group SL 2 (Z) (or PSL 2 (Z)) naturally acts on Q(D) and gives rise to the proper equivalence ∼ as
It was Gauss who first established a systematic theory of composition for binary quadratic forms in his monumental work Disquisitiones arithmeticae published in 1801 ( [10] ). More precisely, the set of equivalence classes C(D) = Q(D)/ ∼ becomes an abelian group under the direct composition, called the form class group of discriminant D. Besides, in 2004 some elegant and enlightening progress was achieved in higher composition theory by Bhargava ([1] , [2] and [3] ). See also [5] .
Let K = Q( √ D) and O be the order of discriminant D in the imaginary quadratic field K. Let I(O) be the group of proper fractional O-ideals, and let P (O) be its subgroup of principal O-ideals. For each Q = ax 2 + bxy + cy 2 ∈ Q(D), let ω Q be the zero of Q(x, 1) in the complex upper half-plane H, namely,
Then, it is well known that the form class group C(D) is isomorphic to the O-ideal class group C(O) = I(O)/P (O) through the isomorphism
As noted in [6, Theorem 7.7] it is not necessary to prove that C(D) is a group. It suffices to show that the mapping stated in (1) is a well-defined bijection, through which the O-ideal class group C(O) equips C(D) with a group structure, namely, the Dirichlet composition ( [6, (3.7) ] and [7] ).
On the other hand, if H O denotes the ring class field of order O, then it is generated by the j-invariant j(O) by the theory of complex multiplication. Furthermore, there is an isomorphism
([6, Theorem 11.1 and Corollary 11.37]). Thus we attain the isomorphism
by (1) and (2) . For a nontrivial ideal n of the maximal order O K of K, let C(n) be the ray class group modulo n, namely, C(n) = I K (n)/P K, 1 (n)
where I K (n) is the group of fractional ideals of K relatively prime to n and P K, 1 (n) is its subgroup given by P K, 1 (n) = {νO K | ν ∈ K * such that ν ≡ * 1 (mod n)}.
The ray class field modulo n, denoted by K n , is defined to be a unique abelian extension of K with Galois group isomorphic to C(n) in which every ramified prime ideal divides n. One can refer to [12, Chapter V] or [18] for the class field theory. For a positive integer N , let
and let Γ 1 (N ) be the congruence subgroup of SL 2 (Z) defined by
Here, M 2 (Z) means the Z-module of 2 × 2 matrices over Z. One can define an equivalence relation
Recently, Jung, Koo and Shin showed that if n = N O K , then the mapping
is a well-defined bijection ([14, Theorem 2.5 and Proposition 5.3]), through which
can be regarded as a group isomorphic to C(n). Let F 1, N (Q) be the field of meromorphic modular functions for Γ 1 (N ) with rational Fourier coefficients. By using the Shimura reciprocity law, they further provided the isomorphism
where τ K is the CM-point associated with the principal form of discriminant d K . In this paper, for an arbitrary nontrivial ideal n of O K where N is the least positive integer, we shall define an equivalence relation ∼ n on Q N (d K ) so that the canonical mapping
becomes a well-defined bijection (Theorem 2.2). In fact, the equivalence relation ∼ n turns out to be induced from a congruence subgroup of level N (Proposition 2.8). Thus we may consider Q N (d K )/ ∼ n as a group isomorphic to C(n) whose group operation will be described in §3 in terms of Gauss-Dirichlet composition instead of Bhargava's composition on 2 × 2 × 2 cubes of integers. Moreover, we shall construct an isomorphism of the extended form class group 
Extended form class groups as ray class groups
Throughout this paper, we let K be an imaginary quadratic field of discriminant d K with ring of integers O K . Furthermore, let n be a nontrivial ideal of O K and N be the least positive integer in n. In this section, by using an equivalence relation induced from a congruence subgroup of SL 2 (Z) of level N , we shall construct an extended form class group isomorphic to the ray class group C(n). First, the following lemma explains why we have to use Q N (d K ) instead of the whole of Define an equivalence relation ∼ n on the set
Theorem 2.2. The set of equivalence classes Q N (d K )/ ∼ n can be regarded as a group isomorphic to C(n).
Proof. By the definition of ∼ n , the mapping φ n : (3), and let
because the mapping φ N described in (4) is bijective
Thus ∼ Γ 1 (N ) is the same as ∼ N , from which we obtain the following commutative diagram: It then follows that φ n is surjective, and hence it is bijective. Therefore one can consider Q N (d K )/ ∼ n as a group isomorphic to C(n) via the bijection φ n , as desired.
and 
Here, c is the smallest positive integer belonging to a.
Proof. See [4, Theorem 6.9].
Remark 2.4. (i) We call such a Z-basis {aτ K + b, c} the canonical basis for a.
(ii) Conversely, if (a, b, c) is a triple of integers satisfying (6) and Let {ξ 1 , ξ 2 } be the canonical basis for n, that is,
for some integers a 1 and a 2 satisfying
by Proposition 2.3.
For an integer a relatively prime to N , we denote by a any integer satisfying a a ≡ 1 (mod N ).
Furthermore, for α = p q r s ∈ GL 2 (R) with det(α) > 0 and τ ∈ H, let j(α, τ ) = rτ + s.
And, we obtain by the definition of ∼ n that
Thus we derive
and get by (10) [
We then attain
from which
and
by (11) . Since aω Q ∈ O K , we deduce
and hence
This yields
and so r = a 1 e and as = a + a 2 e + N f
Therefore, we achieve Q = Q ′ α and (8).
Conversely, assume that there is α = p q r s ∈ SL 2 (Z) satisfying Q = Q ′ α and (8). We see
This implies by the fact gcd(N, a) = 1 that j(α, ω Q ) ≡ * 1 (mod n). Since
Remark 2.6. The congruences (8) can be rewritten as
where M 1, 2 (Z) is the Z-module of 1 × 2 matrices over Z.
which is a congruence subgroup of level N . Let
Then there is a pair of integers (m, n) so that T n αT m ∈ Γ n .
Proof. If we set m = −k, then
Observe by (13) that
Furthermore, if we let n be an integer satisfying
then we have
by (13), (14), (15) and the fact det(T n αT m ) = 1. This proves the lemma. Now, we shall show that the equivalence relation ∼ n on Q N (d K ) is essentially induced from the congruence subgroup Γ n .
It then follows from Lemma 2.7 that there is (m, n) ∈ Z 2 with T n αT m ∈ Γ n . If we set γ = T n αT m , u = −n and v = −m, then we establish
And, if we let γ = c 1 c 2 c 3 c 4 , then we see that
Thus we attain r = c 3 , and so
by (16) .
Since γ ∈ Γ n and
we get c 3 ≡ 0 (mod a 1 ). Therefore, we derive by Lemma 2.5 that Q ∼ n Q ′ .
Remark 2.9. In particular, if n = N O K , then we obtain a 1 = N , a 2 = 0 and so Γ n = Γ 1 (N ). Since T ∈ Γ 1 (N ), we conclude by Proposition 2.8 that ∼ n is the same as ∼ Γ 1 (N ) given in (3), which recovers the previous results of [8] and [14] .
The composition law
Now, we shall modify the classical Gauss-Dirichlet composition in order to achieve the composition law on the extended form class group Q N (d K )/ ∼ n . Although this composition law can be explained directly from Figure 1 and [8, Remark 2.10] for the case where n = N O K , we would like to include this section for completeness.
. We get by Lemma 2.1 that
which shows that a −1 is an integral ideal in the ray class (
Now, one can take a matrix γ in SL 2 (Z) so that the new quadratic form
satisfies gcd(a, a ′′ , (b + b ′′ )/2) = 1 ([6, Lemmas 2.3 and 2.25]). We then obtain
where B is a unique integer modulo 2aa ′′ satisfying
([6, Lemma 3.2 and (7.13)]). Furthermore, we know by (17) and (18) that
Let
By (19) we may just take
Since a −1 is an integral ideal of K, we see 1 ∈ a and so
Here, one can readily check gcd(N, u, v) = 1 because a −1 is relatively prime to n. Take a matrix
which is possible by the surjectivity of the reduction SL 2 (Z) → SL 2 (Z/N Z) ([20, Lemma 1.38]). If we set ω = σ(ν), then we deduce that
Observe by (20) and (21) that
This implies by (22) [[ ω, 1]] = [a] in C(n).
Finally, if we let Q be the quadratic form in
More precisely, we have
Generation of ray class fields by Fricke invariants
From now on, we further assume that n is a proper ideal of O K and so N ≥ 2. In this section, we shall show that K n is in fact a specialization over K of a certain modular function field by utilizing Fricke invariants. For a lattice Λ in C, let
And, let ℘(z; Λ) be the Weierstrass ℘-function relative to Λ given by
For a fractional ideal a of K, the Weber function h : C/a → P 1 (C) is defined by
Then, it follows from (23) and (25) that h(νz; νa) = h(z; a) for any ν ∈ K * .
As a consequence of the main theorem of complex multiplication, we get the following result due to Hasse ([11] ).
Proof. See [16, Corollary to Theorem 7 in Chapter 10].
Let M 1, 2 (Q) be the set of 1 × 2 matrices over Q. For i = 1, 2, 3 and
where
. Note by the definition (24) that
and f
Let F 1 = Q(j(τ )) and
where j(τ ) = j(Λ τ ). Then it is well known that F N coincides with the field of meromorphic modular functions of level N whose Fourier coefficients belong to the N th cyclotomic field ([20, Proposition 6.9 (i)]).
Proposition 4.2. (i)
The field F N is a Galois extension of F 1 whose Galois group is isomorphic to GL 2 (Z/N Z)/{±I 2 } and satisfies
where γ is any element of SL 2 (Z) which maps to γ through the reduction (ii) See [20, (6.1.3) ].
Now, consider the index set 
For example, for each i = 1, 2, 3, the family {f 
And, let F 1 N (Q) be the field of meromorphic modular functions for the congruence subgroup
with rational Fourier coefficients. Then it was shown by Eum and Shin that
and Fr(N ) is indeed isomorphic to F 1 N (Q) through the map
([9, Theorem 4.3 and Proposition 6.1] and (27)). Let {h v (τ )} v ∈ Fr(N ) and C ∈ C(n). Take any integral ideal c in the class C, and let ω 1 , ω 2 ∈ K * such that
Since N ∈ nc −1 , we get N = rω 1 + sω 2 for some r, s ∈ Z.
Now, we define the Fricke invariant h(C) by
if it is finite. 
where σ n is the Artin reciprocity map for modulus n. (ii) When C 0 is the identity class of C(n), one can take c = O K and so
Thus we have
(iii) In particular, consider the Fricke family {f
We then derive that
by (26) = h(1; n) becase ξ 2 = N.
Proof. For the case where K is different from Q( √ −1) and
Since the class number of K is 1, we have n = νO K for some ν ∈ K * and so n −1 = ν −1 O K . Thus we obtain by Proposition 4.1, (26) and Remark 4.4 (iii) that
Since K n is an abelian extension of K, we further achieve
Corollary 4.6. We have
Proof. Since {j(τ )} v∈V N is also a Fricke family of level N and j(C 0 ) = j(O K ), we get by Propositions 4.3 and 4.5 that
We then deduce that
is finite at − 1/ξ by the isomorphism given in (29).
Extended form class groups as Galois groups
By the class field theory we know that C(n) is isomorphic to Gal(K n /K) through the Artin map for modulus n. Thus, the extended form class group Q N (d K )/ ∼ n is also isomorphic to Gal(K n /K). In this section, we shall present an explicit isomorphism of
by the fact gcd(N, a) = 1 and the Chinese remainder theorem.
Lemma 5.1. Let a be a nontrivial ideal of O K . Let {ν 1 , ν 2 } be a Z-basis for a such that ν 1 /ν 2 ∈ H, and so
Then we have det(A) = N K/Q (a).
Proof. We derive from (32)
By taking determinant and squaring, we get 
Proof. The smallest positive integer in m = [−aω Q , a] is a. Note by the fact gcd(N, a) = 1 and Lemma 2.1 that the ideals n and m are relatively prime. Hence the smallest positive integer in nm = n ∩ m is lcm(N, a) = N a. Now, if {ξ ′ 1 , ξ ′ 2 } is the canonical basis for nm, then
for some unique pair of integers (b 1 , b 2 ) satisfying
Since det(B) = N K/Q (nm) by (33) and Lemma 5.1
= (a 1 N )a by (7), Lemmas 2.1 and 5.1,
On the other hand, we attain
Observe that
Here, since 0 ≤ b 2 , d Q + a 1 (b + b K )/2 < N a and N a is the smallest positive integer in nm, we must have
Thus we obtain by (33) that
Theorem 5.3. We have an isomorphism
, where ϕ is the Euler totient function, one can take c = a ϕ(N ) [ω Q , 1] as an integral ideal in C. We get by Lemma 2.1 that
and so
Thus we establish by Lemma 5.2 that
Now, let h(τ ) be an element of F 1 N (Q) which is finite at −1/ξ, and let {h v (τ )} v be the Fricke family of level N induced from h(τ ) via the isomorphism mentioned in (29). Then we achieve that
by (35) and (36)
This, together with Corollary 4.6, completes the proof.
Remark 5.4. In particular, if n = N O K , then we derive that
Examples of extended form class groups
In this last section, we shall explain how to find elements of Q N (d K )/ ∼ n and give a couple of concrete examples.
Then, it is straightforward to show
([6, Exercise 5.9]).
for some (m, n) ∈ U K .
(37)
Proof. We deduce that 
This proves the lemma. Now, define an equivalence relation ∼ Q on the set V Q as follows: Let r s , u v ∈ V Q . Then, r s ∼ Q u v if and only if they satisfy the congruence relation stated in (37). 
On the other hand, since the canonical homomorphism C(N O K ) → C(n) is surjective, we have
from which it follows by Lemma 6.1 that
for each i = 1, 2, . . . , h.
Now that the canonical homomorphism π n : C(n) → C(O K ) is a surjection with Ker(π n ) = P K (n)/P K, 1 (n), we see by (38) and (39) that Therefore we attain
